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Generalities
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Cryptology
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Chaos & Cryptography

Both chaotic map and encryption system are deterministic
Both are unpredictable, if the secret key is not known

Both used iterative transformation

Cryptography
Mathematical study
& Techniques for
Secure
I Communications

Chaos Theory
Mathematical study
of Nonlinear
Dynamical Systems

Chaos-based Cryptography




Type of classical Encryption/Decryption algorithms

Encryption
Decryption
Algorithms |

7 N Operate on
K =Kg=Kp a block of bits :
64, 128, 256, ....
Symmetric > ‘Block Ciphers
ecret-Key‘

\Stream Ciphers

[KD different from K¢ J

Asymmetric
Public-Key

Public Private
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Symmetric encryption is # 1000

faster than asymmetric encryption

Operate on:
a single bit or byte
or N-bit sample




Classical cryptography
Encryption-Decryption
Symmetric key block cipher algorithms

Principle Eve Passive Attacks

Active Attacks Bob

Alice l Ciphertext C

Encryption Decryption |
Algorithm Algorithm

l Plaintext P ) T A. Kerckhoffs 19th century : T I Plaintext P
A Fundamental assumption A

in cryptanalysis is that the
secrecy reside entirely in H\
WShared Secret/Km the key. Shared Secret Key K J

Passive attacks: Pb of Confidentiality

—> |/Channel >

Active attacks: Pb of Data Integrity and Message Authentication
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Model of Symmetric Cryptosystem

5 P
Cryptanalyst > R
P C = E(K, P)I P =D(K,C)
Message Encryption Decryption .
source ? Algorithm —>|/Channel |—> Algorithm > Bl
Key source > Secure Channel

Definition: A cryptosystem is a six-tuple {P,C, X, &€, D, A}, where the following

conditions are satisfied:

P is a finite set of possile plaintexts (message space)

C is a finite set of possible ciphertexts

XK, the key space, is a finite set of possible keys

For each K € K, there is an encryption rule E(K,P) €

€ and a corresponding decryption rule D(K, C) € D, such that:
D(K,E(K,P))=P€e®P

With P = {p11p21 ""pn}’ C = {Cl:CZI ’”;Cn}; E(Kr pl) = (i and D(Kr Ci) =p; € A

A is a finite set (alphabet of definition). Example: A ={0,1}; A =1{0,1,2,---,255}

Clearly, E(K,p;) is an injective function (i.e.,one — to — one). Safwan ElAssad 9
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Principle of chaos-based cryptosystems

7
Design of robust
and fast encryption
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Errors impact on the
decryption information
Cryptographic modes
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Advanced Encryption Standard: AES

References:

Advanced Encryption Standard (AES), FIPS PUB 197, November 26,
2001.

Books:

Joan Daemen and Vincent Rijmen, “The design of Rijndael”.
Springer, 2010.

William Stallings, “Cryptography and Network Security, Principles
and Practice”. Sixth Edition, Pearson, 2014. Chapter 5.

Christof Paar and Jan Pelzl, “Understanding Cryptography”.
Springer, 2010. Chapter 4.

Douglas. R. Stinson, “Cryptography theory and Practice”. Third
edition, Taylor & Francis Group, LLC, 2006. Chapter 3.

Presentations Power Point and demo
AES-William_Stallings.ppt
Understanding_Cryptography_ Chptr_4---AES.ppt

CrypTool project: www.cryptool.org by Enrique Zabala

Safwan El Assad
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http://www.cryptool.org/

Advanced Encryption Standard: AES

Learning Objectives: W. Stallings

* Present an overview of the general structure of AES

» Understand the transformations used in AES Encryption

Byte Substitution layer

Diffusion layer:
Shift rows

Mix columns

Key Addition layer

= Explain the AES Key Expansion Algorithm.

= Understand the use of Polynomial Arithmetic in GF(28)
= Euclidian algorithm and Extended Euclidian algorithm
= Describe the Decryption process

= Practical Issues

Safwan El Assad
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Overview of the AES Algorithm

AES origins: Lawrie Brown

» Clear a replacement for DES (Data Encryption Standard) was
needed

> have theoretical attacks that can break it
> have demonstrated exhaustive key search attacks
Can use Triple-DES - but slow, has small blocks

US NIST (National Institute of Standards and Technology)
issued call for ciphers in 1997

15 candidates accepted in Jun 98

5 were shortlisted in Aug-99

Rijndael was selected as the AES in Oct-2000
Issued as FIPS PUB 197 standard in Nov-2001

V V¥V

V V V V¥V
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Overview of the AES Algorithm

The AES Cipher - Rijndael

128

128

P +> AES ﬁzb C
$ 1z
256
K
The State
Input array

ing in, ing iny,

in, Ing ing Ing3

slr,c] =in[r+4c] for 0<r<4and 0 <c < 4.
out[r + 4c] = s[r,c] for 0 <r<4 and 0 <c<4.

Safwan El Assad

-

Key size

Number of rounds

(bits/bytes/words)

State array

So,1 | So,2
S1,1 Si1,2
S21 S22

S3,1 S3,2

Wo = S0,0 S1,0 52,0 53,0
W3y = S02 512 522 532

128 /16 /4
192 /2476
256/32/8

Nr
10

12
14

Output array

out, out,
out, outs
out, out

out, out,

W1 =3501S511S521S531
W3 = 503513523533

outg
outg
out,,

out,,

out,,
Out,q

out,.
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Round 1

Round Nr-1

Round Nr

—

—

—_—

Safwan El Assad

Plaintext (16 bytes)

K0=

Key Addition Layer

«—

W
Byte Substitution Layer

- Shift Rows Layer

|
: v
|

‘Mix Columns Layer

K1=

«—

Key Addition Layer
I

Byte Substitution Layer

' Shift Rows Layer

¥

Mix Columns Layer

w]0, 3]

Nr =10
Key K (16 bytes)

Ko

wl4,7] |,

| Key Expansion 1

U Kyp—1 = W[3€V39]

‘Key Addition Layer

Y —

Key Expansion Nr-1

v

Byte Substitution Layer

—V
' Shift Rows Layer

2

Ky, = w[40, 431

S

' Key Expansion Nr

Key Addition Layer
A 4
Ciphertext (16 bytes)

AES
Encryption
Bloc Diagram
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Hexadecimal notation: 9a = 1001 1010 (1 byte)

AES Encryption Round for rounds 1, 2,..., Nr-1

Hex

y

0

1

2

3

4

5

6

7

8

9

a

b

C

e

f

63

/C

77

7b

f2

6b

6f

c5

30

01

67

2b

fe

d7

ab

76

ca

82

c9

7d

fa

59

47

fO

ad

d4

az2

af

9c

a4

72

cO

b7

fd

93

26

36

3f

f7

CcC

34

ab

e5

f1

71

d8

31

15

04

c’/

23

c3

18

96

05

9a

07

12

80

e2

eb

27

b2

75

09

83

2C

la

1b

6e

5a

a0

52

3b

d6

b3

29

e3

2f

84

53

d

00

ed

20

fc

bl

5b

6a

cb

be

39

4a

4c

58

cf

do

ef

aa

fb

43

4d

33

85

45

f9

02

7f

50

3C

of

a8

51

a3

40

8f

92

9d

38

f5

bc

b6

da

21

10

ff

f3

d2

cd

Oc

13

ec

5f

97

44

17

c4d

ar

/e

3d

64

5d

19

/3

60

81

4f

dc

22

2a

90

88

46

ee

b8

14

de

sSe

Ob

db

el

32

3a

Oa

49

06

24

5c

c2

d3

ac

62

91

95

ed

79

e’

c8

37

6d

8d

d5

4e

a9

6c

56

f4

ea

65

7/a

ae

08

ba

78

25

2e

1c

ab

b4

c6

e8

dd

74

1f

4b

bd

8b

8a

70

3e

b5

66

48

03

f6

Oe

61

35

57

b9

86

cl

1d

Oe

el

f8

98

11

69

d9

8e

94

9b

le

87

e9

ce

95

28

df

X
~lo|a|o|T|o O] o|N|o|u| M w|N|R|O

8c

al

89

Od

bf

e6

42

68

41

99

2d

of

b0

54

bb

16

» S-box is the only nonlinear element of the AES:

19 a0 9a
3d f4 |c6
e3  e2 8d
be 2b 2a

Sub
Bytes

v

d4 e0 b8
27 bf b4
11 98 5d
ae f1 e5

e9
f8
48
08

le
41
52
30

S(ga)hex - (b8)hex

ByteSub(B;) + ByteSub(B;) # ByteSub(B; + B;) ,for i,j =0,---,15
= S-box is Bijective: one-to-one mapping of input and output bytes
» S-box is uniquely reversed

Safwan El Assad 16



AES Encryption Round for rounds 1, 2,..., Nr-1

d4 e0 b8 1le
27 bf b4 41
11 98 5d 52
ae f1 e5 30

Mix Columns

No shift

One position left shift
Two positions left shift

Three positions left shift

d4 |e0 b8 |1le
bf b4 |41 |27
5d |52 |11 |98
30 lae f1 |e5

Each column is processed separately

S
0203 01 01 zo’o S,O'O Each byte is replaced by a value dependent
01020501 1210} _ 210 on all 4 bytes in the column
01010203 52,0 S'20
0301 0102 S30 s’ Effectively a matrix multiplication in GF(28)

>0 using prime poly P(x) = x8 + x* +x3 +x+ 1

02 |03 |01 |01 d4 |e0 b8 1le 04 e0 48 28

01 /02 |03 |01 bf (b4 41 |27 | — 66 (cb f8 |06

01 /01 |02 |03 % 5d 52 111 98 | — 81|19 |d3 26

03 |01 |01 |02 30 |ae |f1 |e5 ed5 (9a |7a |4c

Safwan El Assad
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AES Encryption Round for rounds 1, 2,..., Nr-1

Add round Key K4 produced by the Key Expansion column by column

04 e0 48 28
66 cb f8 06
81 19 d3 26
e5 9a 7a 4c

Key size
(bits/bytes/words)
128/16/4

192 /24 /6
256 /3218

Safwan El Assad

a0

88

23

2a

54

a3

6C

fa
@ fe

2C

39

/6

17

bl

39

05

Kl =W[4l 7]

Key Expansion

Number of rounds

Nr
10

12
14

a4 68 |6b |02
— |9c 9f |5b 6a
— |7f |35 |ea |50
f2 |2b |43 49
Number of Expanded Key size
subkeys (bytes/words)
11 176/44
13 208/52
15 240/60

18



k0 k4 k8 k12
Ky Ks Ko Ky
Round key O k2 k6 k10 k14
is the original k3 k7 k11 k15
AES key v v v v

Round key 0 | W[O] = WI[1] V\i[Z] W[3]

The function G() G <9
adds nonlinearity
and removes

symmetry in AES

Round key 1 W[|4] WES] W[I6] WI7]
|

Vv
Round key 9 | |W[36] W[37] W[38] W[39]

G [<?

Round key 10 |W[40] W[41] W[42] W[43]

Key Expansion algorithm
for 128-bit Key AES

Function G W
of round j

By, B B, B,

T

v
Bl 2 BB B0
v

vy
Mll

| =]
v
B*,

2 B*B B*O

Rcmﬁ El l l

/l/ 32
w’

Safwan El Assad 19
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Roundj  RCJ[j]

{01}

{02}

{04}

{08}

{10}

{20}

{40}

{80}

© 00N O O & W N PP

{1b}

=
o

{36}

Safwan El Assad

AES Key expansion for 128-bit

The round constant

Is defined as:

Rconlj] = (RCJj], 0, 0, 0) with RC[1] = 1,

RC[j] = 2 x RC[j-1] and with multiplication defined over GF(23),
e.g, at round 9:

{02} x {80} = (000000010) x (10000000) = (00000000) & (00011011) =
(00011011) = {1b}

Key 0 ---> (w[0], w[1], w[2], w[3])

The other array elements are computed as:

The leftmost word of a round key w[4i], where

1 =1,...,10, is: w[4i] = w[4(i-1)]+G(w][4i-1]);

G() is a nonlinear function with a 4-byte input and output.

The remaining 3 words of around key are computed recursively as:
w[4i+j] = w[4i+j-1] + w[4(i-1)+j], i=1,...,10; j=1, 2, 3

20



AES Arithmetic
Finite Field Arithmetic

* Iln AES all operations are performed on 8 bits bytes. The arithmetic
operations of addition, subtraction, multiplication, division and inversion are
performed over the Extension Finite Galois Field GF(28) of 256 elements [0, 1,
.., 255], with the irreducible polynomial: P(x) = a8 +x* +x3 +x +1

= Arithmetic on the coefficients is performed over GF(2) which is the smallest
Prime Field. Addition modulo 2 is equivalent to XOR gate and multiplication is

equivalent to the logical AND gate.
Remark:

= |n the extension field GF(2%) the order = 256 is not a Prime Number, then the
addition and multiplication operation cannot be represented by addition and
multiplication of integers modulo 28. For that:

= |nthe extension field GF(28) elements are not represented as integers but as
polynomials with coefficients in GF(2). Computation in GF(28) is done by
performing a certain type of polynomial arithmetic. The polynomials have a

maximum degree of 7. 21



AES Arithmetic

» Each element A € GF(2?) is represented as:
A(x) = a7x” + agx® + -+ a,x + @y, @;€ GF(2) =[0,1]
There are exactly 22 = 256 such polynomials.
= Every polynomial can simply be stored in digital form as an 8-bit word:
A = (a7, a6, a5, a4, a3, @z, @y, @)
We do not have to store the factor x7, x%, etc. It is clear from the bit positions to

which power x! each coefficient belongs.

22



AES Arithmetic
Addition and Subtraction in GF(2%)

Let A(x), B(x) € GF(23).

The sum or difference of two elements is:
7

€(x) = A(%) + B(x) = A(X) — B(x) = Z e,
=0
¢;=(a; +b;) mod 2 = (a; — b;) mod 2 = a;Db;
Note that we perform modulo 2 addition (or subtraction) with the coefficients.

Example of addition modulo 2:

A =x2"+ 2+x*+ 1
B(x) = X+ 2+ 1
C(x) =x" + xt + x?

In binary notation: (10110001) @ (00100101) = (10010100)

In hexadecimal notation: {b1} @ {25} = {94}

Safwan El Assad 23



AES Arithmetic

Brief Reminder
Polynomial Arithmetic
* Multiplication of two polynomials:

) = S ol - b;j»’,
A(x) hz;ax mf(x) ]’Z )
€(x) = A() x B(¥) = ZZ“’* bt = ) Za,-,b,ﬁ_ﬂlxn, =0 €0,
=0 j=0 n=0 Li=0

nm

= Zﬂ,}bn_i, a;, b;, ¢; € GF(2) = {0, 1}

Is the discrete convolutional product of the coefficients of two polynomials

co = @agbg, ¢1=laghy +ajbyl, 2= lagh; + a1by + azby]

Cm+q-1 = [am=1bq + ambq=1]» Cm+q= Ambyq

Safwan El Assad
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Example of polynomials multiplication over GF(2)

|
: I
: I
: AX) =x"+x> +x* +1, B(x)=x°+x%+1 |
: AX) xB(x)=x"T+ 2+x*+ 1 |
|
| x (2% + 2+ 1) |
| :
: I
|
l xT+ xS+t + 1 :
|
| 0+ xT+x8+ 2 :
|
: 22+ 210+ + x> :
: I
: I
|
| X124 X104 X +xt+ 2+ 1 :
|
: I

Verification: m=7, ¢g=5
Cop = aobo =1, €1= [dobl + albo] =0, C2= [dobz + a1b1 + azbol =1

Cm+q-1 = [am=1bq + ambq=1] =0, Cm+q= Cm =1

Safwan El Assad 25



AES Arithmetic

| |
| |
I = Polynomials division over GF(2) :
|
: If we divide €(x) by D(x), we get a quotient Q(x) and a remainder R(x) that :
| obey the relationship: :
|
| C(x) = D(X)Q(x) + R(x) :
|
: With polynomial degrees: :
| Degrees of: :
: Cx)=mn, D@ =k Q(x) =n-k, R(x) <k :
: In analogy with integer modular arithmetic, we can write: :
| |
: R(x) = €C(x) mod D(x) :
| If R(x) = 0, than we can say D(x) divides €(x) or D(x) is a divisor of €(x) :
I |
| |
| |
| |
| |
| |
| |

Safwan El Assad



AES Arithmetic
Example of polynomials division over GF(2)

x12+ X104+ X+ +xt+ 2+ 1 | x4+ x+1
x124 x7+x°
x10 + x5 + x4 x®  +xt+ x
x"+ x+ x
R(x) = x5+ x+1

Safwan El Assad 27



AES Arithmetic
Modular Polynomial Arithmetic

Multiplication in GF(28)
Let A(x), B(x) € GF(2®) and let P(x) = x® + x* + x> + x + 1 or {01} {1b} in
hexadecimal notation, be the irreducible polynomial or prime polynomial
The multiplication of the two polynomials A(x), B(x) is performed as:

C(x) = A(x) x B(x) mod P(x), C(x) € GF(2®)
This means that if the degree of C(x) is greater than 7, then C(x) is reduced
modulo P(x) of degree 8. The remainder is expressed as: R(x) = C(x) mod P(x)

x12 4+ x104 x% + x4t + 2+ 1 |28+ xt+x3+ x+1
x124 x3+x7 x3 + xt
210 + x0+x° + 3 +x? x* +x%+ 1
x8+ X+ x+ x+1
R(x) =x"+ x* + x

Safwan El Assad 28



AES Arithmetic
Remark:
There is no simple XOR operation that will accomplish multiplication in GF(2¥).
However a straightforward implemented technigue, based on the following
observation is available:
x¥ mod P(x) = |[P(x) — x¥] in AES: xXBmod P(x) =x*+x3+x+1 (1)
Consider:
A(x) = a7x7 + agx® + -+ ayx + a9y € GF(2?)
x X A(%) = (ax® + agx” + - + a1 X% + agx) mod P(x)
If a; = 0, then no need for reduction.
If a; = 1, then reduction modulo P(x) is achieved using Eq (1):
x X A(X) = (agx” + -+ a1 x® + agx) +x* + x> + x + 1

(ag, a5, a4, a3, @y, @y, @y, 0) if a;=0

So, xxA(x)= {(aﬁ, as, @y, @3, Gz, @y, @0, 0) © (00011011) if ay=1 2

It follows that multiplication by x (i.e., 00000010) can be implemented as a 1-bit

left shift followed by a conditional bitwise XOR with (00011011).
Safwan El Assad 29



AES Arithmetic

Example:
AX)=xT+x+x*+1

xx A(x) = (x® + 2% + 2° + x ) mod P(x)

xxA@) =+ +x)+(x*+x3 +x+1)=a0+ 2 +xt + 23 +1

Indeed:
|
B+ x4+ + X x8 + xr+x3+ x+1 |
x3+ X+ 3+ x+1 .
1 !
R(x) = 20+x5+x*+ 23 + 1 :
|

Multiplication by a higher power of xcan be achieved by repeated Eq (2). By

adding intermediate results, multiplication by any constant in GF(2%) can be

achieved.

Safwan El Assad 30



AES Arithmetic

Inversion in GF(28)

By using the Extended Euclidean Algorithm, the inverse A~' of a nonzero

element A € GF(22®) is defined by:
A7 1(x) x A(x) = 1 mod P(x)
The element “0” of the field doesn't have an inverse, however in the AES S-box,

the input value ‘0’ is mapped to the output value ‘0’.

For small fields (order or cardinality of a field is < 2'¢ elements, Lookup tables
which contain the precomputed inverses of all field are often used. The
following table shows the values of the multiplication inverse in GF(28) for
bytes (xy).

Note that the table below doesn’t contain the S-box of AES.

Indeed, the S-box does not have any fixed points, i.e., there are not any input

values A4; such that $(4;) = 4;, even for the input value ‘0’.
Safwan El Assad 31



Inversion in GF(28)

AES Arithmetic

Multiplication inverse table in GF(28) for bytes {xy}

Hex

y

0

1

2

3

4

5

6

7

8

9

a

b

C

00

01

8d

f6

cb

52

7b

dl

e8

Af

29

cO

b0

el

e5

c/

74

b4

aa

4b

99

2b

60

5f

58

3f

fd

CcC

ff

40

ee

b2

3a

6e

5a

f1

55

4d

a8

c9

cl

Oa

98

15

30

44

a2

c2

2C

45

92

6c

f3

39

66

42

f2

35

20

6f

77

bb

59

19

1d

fe

37

67

2d

31

f5

69

ar’

64

ab

13

54

25

e9

09

ed

5c

05

ca

4c

24

87

bf

18

3e

22

fo

51

ec

61

17

16

5e

af

d3

49

a6

36

43

f4

47

91

df

33

93

21

3b

79

b7

97

85

10

b5

ba

3c

b6

70

do

06

al

fa

81

82

83

/e

7f

80

96

73

be

56

9b

e

95

d9

f7

02

b9

a4

de

b6a

32

6d

d8

8a

84

72

2a

14

of

88

f9

dc

89

9a

fb

/c

2e

c3

8f

b8

65

48

26

c8

12

4a

ce

e’

d2

62

Oc

el

1f

ef

11

75

78

71

ad

8e

76

3d

bd

bc

86

57

Ob

28

2f

a3

da

d4

e4

Of

a9

27

53

04

1b

fc

ac

eb

7a

07

ae

63

c5

db

e2

ea

94

8b

c4

d5

9d

f8

90

6b

bl

od

dé

eb

c6

Oe

cf

ad

08

e

d7

e3

5d

50

le

b3

X
“—lo|lalo|lo|y|o|lo|N|o|a| M w|N[R|O

5b

23

38

34

68

46

03

8c

dd

9c

7d

a0

cd

la

41

1c

Example: A(x) = x7 + 2% + x* + 1 = (10110001) = {b1} = {xy}
The inverse A 1(x) is {e0} = (11100000) = x7 + x% + x°. This can be verified by:

Safwan El Assad

x7+2% + 2* + 1) X (x7+x° + %) = 1 mod P(x)
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Mathematical description of the AES S-Box

AES S-Box is built by applying two mathematical transformation.

1. Map each byte A € GF(28) to its multiplicative inverse B = A™1,

2. Apply the affine transformation to each bit of each byte B

d; = bi®b(i+4) mod 8$b(i+5) mod 8®b(i+6) mod 8®b(i+7) mod 8DC;
Where c; is the ith bit of byte € = (01100011) = {63}

A
_—

Multiplicative

inverse in GF(2%)

B=A1

>

Affine D =5(A)
—_—

mapping

The AES standard depict the affine transformation in matrix form as follows:

(=

N
C OO =
© O

Safwan El Assad

O R REEERO O

0

—_ e e e OO

_ O OO =

—_ e O O O

_ O OO

R OOOR KRR

ORROOOR K

Example:
A =(10110001) = {b1} = {xy}
From multiplicative inverse:
B =A4"1={e0}
From affine mapping:
D =S(A) = {c8}

For A = (00000000) = {00} = {xy}

D =5(A) ={63} .



AES S-Box

Remark:
The Multiplicative inverse operation in GF(2®) is highly nonlinear, this provides

optimum protection against known cryptanalytic attacks.
The affine mapping destroys the algebraic structure of the Galois field, this

allows to prevent attacks that would exploit the finite field inversion.
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AES Mix Columns transformation

Mix Columns layer is defined by the following matrixes multiplication on state

(02 03 01 01]
01 02 03 01
01 01 02 03

103 01 01 02]

Mix Column transformation operates on each column j of state individually and

can be expressed as:

50,0
$1,0
$2.0

1530

S0,1
S1,1
S21
53,1

S0,2
51,2
S22
53,2

$03]

S$1,3
$23

$33]

- 7/ 14 14 ! -
$S00 S01 S02 So03
14 14 14 14
$10 S11 S12 S13
! ! ! !
$20 S21 S22 S23

! ! ! !
[S30 $31 S32 33l

s'oj = ({02} x {s0,;})®({03} x {s1,})®({01} X {s,,})®({01} x {55,})
s'1; = ({01} x {50,,})®({02} x {51,,})D({03} X {52,,})D({01} X {53,})
s'2j = ({01} x {50, })®({01} x {51,,})D({02} x {52,,})D({03} X {53,})
s'3j = ({03} x {50, })®({01} x {51,;})®({01} x {52,,})D({02} X {53,})

The additions and multiplications are performed in GF(22).

Mix Columns is the major diffusion element. Indeed, every input byte influences
4 output bytes. The combination of the Shift Rows and Mix Columns layer
makes it possible that after only three rounds every byte of the state matrix

depends on all 16 plaintext bytes.

In AES, encryption is more important than decryption for 2 reasons:
1. For the CTR, OFB and CFB cipher modes, only Encryption is used.
2. AES can be used to construct a message authentication code, and for this,

only encryption is used.

Safwan El Assad

35



AES Mix Columns transformation

Example of Mix Columns for the first column:

‘02 03 01 011 T[d4l1 T041 Theconstants {01}, {02} or {03} are chosen for
01 02 03 01 bf 66| their efficient polynomial multiplication, for e.g.
01 01 02 03 5d 81| Multiplication by {02} is achieved by a left shift
03 01 01 021 130l les| byonebit,and a modular reduction with P(x)

To verify the Mix Columns operation on the first column, we need to show that:

(102} x {d4})® ({03} x {bf})®({01} x {5d})D({01} x {30}) = {04}
(101} x {d4})® ({02} x {bf})®({03} x {5d})D({01} x {30}) = {66}
(101} x {d4})® ({01} x {bf}DB({02} x {5d})B({03} x {30}) = {81}
(103} x {d4})® (101} x {bf})B({01} x {5d})D({02} x {30}) = {e5}

Recall that, in GF(2®) polynomial:
{01} = {00000001} = 1;: {02} = {00000010} = x; {03} = {00000011} = (x + 1)
(as, a5, ay, a3, @y, @y, agy, 0) if a;=0

%% AGx) = {(ﬂa,. as, a,y, a3, Az, Ay, Ay, 0)®(00011011) if a; =1
(x+1)xAx) =xxA(x) DA(x)

{02} x {d4} = (00000010) x (11010100) = (10101000) & (00011011) = (10110011)

{03} x {bf} =(00000011) x (10111111) = (01111110) @ (00011011)e(10111111)
= (11011010)

{01} x {5d} = (00000001) x (01011101) = (01011101)

{01} x {30} = (00000001) x (00110000) = (00110000)

So: (10110011) & (11011010) & (01011101) & (00110000) = (00000100) = {04}
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Euclidian algorithm and Extended Euclidean algorithm

Modular Arithmetic Mathematical reminder

Modulo operation
Leta,rmeZandm > 0.We can write:

a
amodm=a - I;]xm=r=»a= gxXm+rea=rmoedm
a
With0 <r<m;q = |=]
m
Where: m, r, g are called the modulus, the reminder, the quotient and |z] is the
largest integer less than or equal to z (the floor function).
Example: 42mod 9 =42 — |£|x9=42-4Xx9=6=42=6mod9

Multiplication Inverse

Let @ € Z, the inverse a™! (if exist) is defined such that:
axal=1modm

An element a € Z has a multiplicative inverse a1 if and only if
gcd(aam) =1

Where gcd is the greatest common divisor, i.e, the largest integer that divides
both @ and m. Then a and m are said to be relatively prime or coprime -



Finding the Greatest Common Divisor by the Euclidean algorithm

The gcd of two positive integers ro and ry gcd(ry, 1) With ry > rq

can be calculated for small numbers, by factoring both numbers and finding the highest
common factor. Example:

Letrg =84 =2Xx2X3X7; r1=30=2%x3x%X5

The gcd is the product of all common prime factors: gcd(84,30) =2x3 =6

For large numbers (bit length from 1024 to 3076 as used in public-key
algorithms), factoring often is not efficient and then it is necessary to use an
efficient algorithm such the Euclidean algorithm which is based on the
following observation:

ged(rg,rq) = ng((To - 7'1)»7”1) (3)

Indeed, let gcd(ry, 1) = g. Since, g divides both r, and r{, we can write:
ro =g xXxandry; =g Xy, where x >y, and x and y are coprime integers,
l.e, they do not have common factors, also (x — y) and y are coprime integers:
ged(ro,11) = ged((rg —11),71) = ged(gx (x —y),gxy) =g
ged(x,y) = ged((x —y),y) =1

Safwan El Assad
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Finding the Greatest Common Divisor by the Euclidean algorithm

Let verify this property with the numbers from the previous example: ry = 84, r;= 30
To—1T1=54=2Xx3%x3%Xx3;, r1=30=2%Xx3X%X5
= gcd(54,30) =2 x3 =6 = gcd(84,30)

Also, as: ro = 6 X 14, r{= 6 X 5, then gcd(14,5) = gcd(9,5) = 1
It is follows immediately that, equation (3) can be applied iteratively:

ged(rg,ry) = ged((rg —ry),11) = ged((ro — 2ry),1y) = - = ged((ro — qry).14)
As long as (ro — qry) > 0. Then:

ged(rg, 1) = ged((rg — qry),ry) = ged(ro mod ry, 1) = ged(ry, romodry) (4)
Because ro mod rq{ <14
Equation (4) is applied recursively until we obtain finally gcd(r,,,0) = r,,.

Since each iteration preserves the gcd of the previous iteration step, it turns out that
this final gcd is the gcd of the original problem, i.e:

gecd(rg,ry) = =gcd(1,0) =1, (5)

Safwan El Assad
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Finding the Greatest Common Divisor by the Euclidean algorithm

Let first show the system of equations calculating the ged(rg, ) Of two given positive

integerS ro and rq W|th ro > rq.

¥ — —
Ti-agmodri_y =Tz — l‘ ZJ‘Xri—l =T =72 = Qi1 X V-1 T 7,

With 0 <r; <r;_y and @q;_ 1—[

Fi-1

I Ti2=qQiXTiq+ry 07 <riy
2 Te=Q1XTry+1r; 0<r,<ny
3 1ry=Qq2XTr;+1r3 0<r3<nr,
4 1ry=q3Xr3+71, 0<r,<r;

n Th-2 = Qn-1 XTp-1+7rp 0<r,<r,,

N+l rp1=q@uXr,+0

ged(rg,ry) =1,

Safwan El Assad

Example:

gecd(rg,rq) = gcd(973,301)
973 =3%x301+70 0<70<301
301 =4x70+ 21 0<21<70
70=3%x21+7 0<7<21
21=3x7+0
gcd(973,301) =7

gcd(973,301) = gcd(301, 70)
gcd(301,70) = ged(70,21)
gcd(70,21) = gecd(21,7)
gcd(21,7) = ged(7,0) =7
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Euclid’s algorithm

Euclidean Algorithm

Input: positive integers ro and r; withrg > ny
Output: gcd(rg,1r4)
Initialization: i = 1
Algorithm:
DO
i=i+1

ri=riamodr;_,
WHILE1; # 0
RETURN

gecd(r,ny) =11
Note that the algorithm terminates if a remainder with the value r; = 0 is computed.

The number of needed iterations is close to the number of digits of the input
operands. That means, for instance, that the number of iterations of a gcd involving
1024-bit numbers is 1024.

Safwan El Assad
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Extended Euclidean algorithm

The extended Euclidean algorithm allows us to compute modular inverses, which is
of major importance in asymmetric and symmetric encryption. It not only calculate the
ged but also two additional integers s and ¢ that verify the following equation:

ged(rg, 1)) =sXrg+txn (6)

The idea is to use the Euclidean algorithm, but we express the current remainder r; in
every iteration as a linear combination of the form:

=85 Xr+tixn (7)
In the last iteration we obtain:
m=gcd(p,n) =sp Xrg+t, X1 =sXrg+txn (8)
This means that the last coefficients s, and t,, are the coefficients s and t of Eq (6)

Let consider the extended Euclidean algorithm with the same values as in the
previous example, ro = 973 and r; = 301.

In the following table, in every iteration, on the left-hand side we compute the
Euclidean algorithm and the integer quotient g;_y and on the right-hand side we
compute the coefficients s; and t;, verifying Eq (7).

Safwan El Assad
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Extended Euclidean algorithm

i Ti2=QiXTiq+ry 0SS <riy ri=[si] xro+[t;] xry
2 To=q1Xry+17; 0<r,<n ro = [s2] X 1rg + [t2] X1y
3 ry=qyXr;+r;3 0<r;<nr, r3 = [s3] X rg + [t3] X 1y
4 re=q3Xrz3+7r, 0<r,<r; e = [s4] X 1o + [tg] X1y
N T2 = qu-1 XTp-1 Ty 0<1Ty, <1y, Tn = [Sal X7 + [tp] X7y

N+l rp1=quXr,+0

We will now derive recursive formulae for computing [s;| and [t;] in every iteration.
In the iteration i we first compute g;_; and the new reminder r; from r;_; and r;_,.
ri=Ti-2— qQi-1 XTi-1 (9)
In the previous iterations (i — 2) and (i — 1) we computed the values:
Ti2 = [Si—2] X7 + [ti2] X1y
Ti—1 = [Sic1] X7 + [tiq] X1y

In order to compute r; as a linear combination of r, and r4, we substitute the previous
values r;_, and r;_4 in Eq (9), we obtain:

ri = {[si—2] X 1o + [ti—2] X 71} — @i X {[Si=1] X 1o + [ti=1] X 14}

ri = {[si-2] = qi-1 X [si-1]} X o + {[ti=2] — qi-1 X [ti=1]} X 7y = [si] X v + [;] X 7y
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Extended Euclidean algorithm

From the later equation we deduce the recursive equations:
[si] = [si-2] — qi-1 X [Si-1]
[t:] = [ti-2] — qi-1 X [ti-4]
These equations are valid for i = 2 and the initial values are:
$0=1,51=0,¢=0,¢t;, = 1.

Safwan El Assad

(10)
(11)
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AES Decryption
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Various Cipher Block Modes : Symmetric key algorithms

A cryptographic mode combines the basic cipher, some sort of feedback, and
some simple operations.
References:

Five confidentiality modes of operation can provide cryptographic protection:
= ECB (Electronic Code Book)

= CBC (Cipher Block Chaining)

= CFB (Cipher Feedback)

* CTR (Counter)

* OFB (Output Feedback)
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ECB (Electronic Code Book) mode

Advantages : l'Pj ‘1’ Pis1
As each plain block is encrypted independently, than :

= we can encrypt/decrypt records accessed randomly “ Ey (P;) EK(P,-+1)“

like a data base

o l' |

= we can do parallel processing ‘1’ J Cin
DK (CJ) ﬁ } DK (Cj+1) I

Disadvantages : |:>j ‘1' Pj+1

Since the same plain block always encrypts to the same cipher block, than:

= |t is possible to create a Code Book of plaintexts and corresponding ciphertexts. However, if the
block size is 128 bits, the code book will have 2128 entries, too much to pre-compute and store.

= Block Replay : a cryptanalyst could modify encrypted messages without knowing the key or the
algorithm.

= |t is possible to mount statistical attacks, because messages may be highly redundant

= |t is evident to mount Known-plaintext and Chosen-plaintext attacks (the cryptanalyst has
complete knowledge of the used encryption algorithm). Suppose P; = "5e081bc5” is encrypted to

C;= "7ae593A4", than, the cryptanalyst can decrypt C; whenever it appears in another message.
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CBC (Cipher Block Chaining) mode

Encryption process C
0

= |V :Initialization Vector

Decryption process

P P. C; C.
sl: . l, I+ The IV need not be : _Jil_l
C. : [
iy (+ > (+ > secret, but it must be :
‘1' ‘1' : random. The integrity Dy () Dy () l :
: of the IV should be ' ' :
I I
Ex () l Ec() |1 protected. c ‘1’ ‘1’ !
, 11 -1 ) .9 -|— |-—>
__ 1 InECB & CBC modes: T
s_plaintext = n_blocks x s_blockl' ‘1'
C

j+1

C,=E((P;®C,,)
j=1---,n_Dblocks

Advantages :
ldentical plaintext messages encrypt to

different ciphertext messages.
Thus, it is impossible to attempt Block

Replay and to build a Code Book.

Safwan El Assad

Pj = Dy (Cj)@Cj_l P
Disadvantages : J=1,--,n_Dblocks
= Error Propagation: a single bit error in the ciphertext affects
one block and one bit of the recovred plaintext.
» Encryption of blocks can’t be performed in parallel, but
decryption can be performed in parallel.
» Block structure must remains intact : if a bit is added or lost
from the ciphertext stream, then decryption will generate

garbage indefinitely. 48



CFB (Cipher Feedback) mode

Encryption process Decryption process
| _{LSBn_m(lj_l)c?_l,j=1,2,.--,n_b|ocks 0, =E(l))
= )
l,=1V,C=MSB_(I -1
’ ’ ntlo) s 2lLSB, . (1,)ICh, LSB, (1;)IC]
Size of I;, O, is s_block Size of P;*, C;* ism Cj—1_> | >
| . | |
J—l_)' i J+1s1¢
LSB._(1.,)|C" 'LSB_ (1.)|C?
# n—m -1 -1 n—m J J
CJ—1_> : > Ex () E ()
| | \1,
] j+1
v Oi‘l' Oju
E«() Eq ()
MSE,, () S8, ()
Oj Oj+1 \l, l'
# cC#
MSB MSB C] i+
\Lm() l'm() D < n
P P P/ l l P
—> (+ —> + b Upf=ciewMmsB,(©;) = '

, | In CFB mode:
C; \1, C;j# _ Pj# @ MSB,,(0;) Cil s_plaintext = n_blocks xm 1<m<s_block
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CFB (Cipher Feedback) mode

The IV need not be secret, but it must be random and must be changed with every message.
The integrity of the IV should be protected.

Advantages :

= |dentical plaintext messages encrypt to different ciphertext messages.

Thus, it is impossible to attempt Block Replay and to build a Code Book.

= Unlike CBC mode, in CFB mode, data can be encrypted in units m bits smaller than the
block size s-block. This mean that it is not necessary to receive a complete block of data to
begin the encryption process.

= |t can be implemented as a self-synchronization stream cipher.

Disadvantages :

= Error Propagation: a single bit error in the ciphertext affects the current and the following
s-blocs/m -1 blocks.

= Encryption of blocks can’t be performed in parallel, but decryption can be performed in
parallel if the input blocks are first constructed, in series, from the IV and the ciphertext.

» Block structure must remains intact : if a bit is added or lost from the ciphertext stream,

then decryption will generate garbage indefinitely.

Safwan El Assad
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OFB (Output Feedback) mode

Encryption process

In OFB & CTR modes:
s_plaintext = (n_blocks - 1) x s_block + u

O, 1<u<s_block Oj4

Decryption process

=== ===
I I I \L ‘I, I 1
‘1’ : v : v
I The IV need not be I
Ec() [] | EcO |} _ Ey () Ec() |1
) | secret, but it must be :
oj oj+1t___= a nonce, i.e., the IV Ojk Oj+1t---=
must be unique for
P X Pis | € G
—> (+ —>(+ each execution under —3 [+ —> +
l, \1’ the given key. l, \1’
CJ' Cj+1 I:)j Pj+1
j=1---,n_Dblocks-1 O, =1V j=1---,n_blocks -1
C:r'?_blocks = I:)nm_blocks ® MSBU (On_blocks) Png_blocks = Cr?_blocks D MSBU (On_blocks)

Safwan El Assad 51



OFB (Output Feedback) mode

Advantages :
= Outputs O; can be generated offline, before the plaintext or ciphertext data exists.

* |t can be implemented as a synchronous stream cipher.
= Error Propagation : OFB mode has no error extension. A single bit error in the ciphertext

causes a single bit in the recovered plaintext. This is useful for digital communication

Disadvantages :
= If the same IV is used for the encryption of more than one message, then the

confidentiality of those messages may be compromised.
= Confidentiality is compromised if any of the input blocks O for the encryption of a message
Is designated as the IV for the encryption of another message under the given key.

= Both Encryption and decryption processes can not be performed in parallel.

Safwan El Assad
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CTR (Counter) mode

Encryption process Decryption process

T; Tin The sequence T, must be different T; Tia

\1, ‘l, from T, for all messages encrypted ‘1, l,

under the same key. c c
B ) B () Sequences can be generated by any <0 <0
Oj Oj+1 random-sequence generators, whether Oj Oj+1
cryptographically secure or not.
P, P C) Cin
— ) S —+ -
CJ ll Cj+1¢ Pj ll Pj+1ll
j=1---,n_blocks-1 j=1---,n_Dblocks j=1---,n_blocks-1
Cr?_blocks = I:)nn_blocks ® MSBU (On_blocks) I:)nu_blocks = C:_b|0CkS @ MSBU (On_blocks)
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CTR (Output Feedback) mode

Advantages :
= Encryption and decryption processes can be performed in parallel.

= Outputs O; can be generated offline, before the plaintext or ciphertext data exists.
= Error Propagation : CTR mode (as OFB mode) has no error extension. A single bit error in
the ciphertext causes a single bit in the recovered plaintext. This is useful for digital

communication.

Safwan El Assad
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Error Propagation : summary of bit errors on decryption

Block C;=(Cy;:Cy s ":Cs biock,j) Segment C{=(c;;,C3;,-~,Cr;) Decrypted plaintext

PJ=(p1,j’ pz,j’..'7p3_b|0Ck,j) PJ#=(pr’ p;l,"',p#,hj) P]’PJ#
Mode Effect of Bit Errors in Cj or C? Effect of Bit Errors in IV
ECB RBE in P, Not applicable
CBC |RBEin P SBE Inp,
SBEIn P;,
CFB |SBEin P! RBEINR', B, Py
: for somel< |<s block/m
RBE In Pj#il’PjiZ’“"Pjis_block/m J=S_
OFB |SBEin P, RBEINR, B, By piocks
- Not applicable
CTR |SBEin P, PP

SBE: (specific bit errors) an error bit C; ; or Cffj produces an error bit P jor pi#f,-
RBE: (random bit errors) an error bit ¢; ; or Cffj affects randomly all bits in the P; block or

In segment Pj#. In this case each bitin P; or Pj# IS incorrect with probability P,, =1/2



Error Propagation
Binary Symmetric channel

F.c : the bit error probability in the channel or in the cryptogram : C; or C*j#
P, ¢ : the bit error probability in the decrypted plaintext: P, or Pj#

P(k) : the probability that there are k error bits out of n received bits

P(k) — CE—bIOCk Peifc (1_ Pe’c)s_block—k Pe,c = [0, 1/2]
So .

Py=(1-P,;)*-"°* . Probability that s_block bits are correct,

or the correct block probability.

Q=1-FK : Probability that at least one bit is incorrect,

or the incorrect block probability.



Error Propagation

ECB mode :P; =D, (C))
The bit p; ; Is incorrect If the block C; Is incorrect

and simultaneously the bit Pi j is inverted

1
= Pe,d = QO Pinv = E[l_ (1_ Pe,c)s_bIOCk:I

CBC mode: P,=D,(C;)®C;_;=U;®C,,

The bit P; j is incorrect in the following cases :

a) The bit ¢; ;4 isincorrect and the block C; is correct: F,. K,

b) The bit C; j_; Is incorrect, the block C, iS incorrect )

and the bit u; ; is not inverted.

c) The bit ¢; ;; Is correct and the block C, is incorrect ]

[ I:l_ Pe,c:IQO B

and the bit U; ; is inverted.

= I:)e,d = I:)e,c P +QO Pinv

r I:)e,c QO (1_ I:)inv)




Error Propagation
CFB mode : P/ =C{ ®MSB,_ (0;); 0; =E,(I;),1; =LSB,_,,(I,.}) |C],
The bit P j is incorrect in the following cases:
a) The bit Cffj is incorrect and the block I; is correct: F,. K,
b) The bit ¢ ; is incorrect, the block 1 ; is incorrect
) I’_J _ _ J } I:)e,c QO [1_ I:)inv]
and the bit 0; ; is not inverted.
c) The bit Cff,— is correct, the block |; is incorrect
: . I:l_ R C:IQO B
and the bit 0; ; is inverted.
=P, 4=F.. R +Q P,, notdepend on the length m of segments.
The CFB and CFB modes are equivalent from the viewpoint of error propagation.
OFB and CTR modes:
Only the SBE type of error propagation can occur.
So, each error bit ¢; ; of the cryptogram causes only one incorrect bit Pi j of the

plaintext =P =P,
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Error Propagation

1 s_ block
= ECB mode Py = > 1_(1_ Pe,c)
— e,

= CBC and CFB modes Py=P (1_ P, )s_block N %[1_(1_ Pe’c)s_blocki|

= OFB and CTR modes P4y=P

e,C



Chaos-based Data Security
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What is chaos?

Chaos is the art of forming complex from simple
» Chaos can be generated by a non-linear dynamical system
= Edward Lorenz a meteorologist trying to predict the weather

= Butterfly Effect (1960): If a butterfly flaps its wings in Paris,
It could change the weather in New York.

'' e -

* Lorenz map (1963): 3-D chaotic map

Safwan El Assad
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Dynamical non-linear systems can generate chaos
= Discrete-time dynamical system: X(n)=F[X(n-1)]
Recursion relations, iterated maps or simply maps
= Continuous-time dynamical system: X(t)=F[X()]

Flow: continuous evolution of field lines in the phase space
@ -
f
¢ (

Application: S. Smale horseshoe map
Horseshoe map is a class of chaotic
maps, it is defined geometrically by:

- squishing the square,

- stretching the result into a long strip,

- folding the strip into the shape of a
horseshoe Attractor: Signature & Beauty of dynamical chaos
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Chaotic dynamical System

= A chaotic dynamical system is:
« Deterministic, not random and unpredictable

Means that the system has no random or noisy inputs. The irregular behaviour

arises from the system’s nonlinearity.
« Aperiodic long term behaviour for continuous-time dynamical system

Means that there should be trajectories which do not settle down to fixed points,

periodic orbits or quasi-periodic orbits as t —,
« Periodic behaviour for discrete-time dynamical system
« Sensitive to initial conditions and initial parameters (Secret Key)
Means that nearby trajectories separate exponentially fast, which means the

system has positive Lyapunov exponent.

Safwan El Assad 63



Chaotic dynamical System

Low-dimensional chaotic dynamical system X(n) = F[X(n — 1)] is capable of
complex and unpredictable behavior
The set of points: {X(0),X(1) = F[X(0)],---,X(k) = FIX(k—1)]}

IS called a trajectory (or orbit)

X (k)
AX (0) = X (0) - X, (0)

X (0) X(1)

~ X k
[AX (k)| = |AX (0)|x * AX(K)

X4(0)

" Xa1(Kk)
Lyapunov exponent A measure the divergence rate between orbits

Safwan El Assad
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Chaotic dynamical System
Imperfect knowledge of present, so (practically) no prediction of future

Dense
Infinite number of trajectories in finite region of phase space

Attractor: set of orbits to which the system approaches from any initial

state (within the attractor basin)




Why using chaos to secure information?

Useful properties of chaos in secure information

= Easy to generate: simple discrete-time dynamical system is

capable to generate a complex and random like behavior
sequences : X(n)=F[X(n-1)]

= Chaotic signal is deterministic, not random (we can
regenerate it) and it has a broadband spectrum

= Chaotic signal is extremely difficult to predict because of
the high sensitivity to the secret key

= Very big number of orbits in finite region of phase space
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Why are we interested in chaotic signals?
Random sequences for CDMA

= Binary m-sequences
Good auto-correlation, bad cross-correlation, few codes

» Binary Gold and Kasami sequences
Good auto-correlation, acceptable cross-correlation, few Gold codes
many Kasami codes

= Binary chaotic sequences

Very good auto/cross-correlation, very large number of codes

R:Auto correlation
B:Cross Correlation

0.9
0.8 0.8

0.4

| 021

3 r c c ¢ ¢ 0.2 r c c ¢ c ¢ c r c
0 100 200 300 400 500 600 700 800 900 1000 -800 -600 -400 -200 0 200 400 600 800

Iteration number(n) Correlation interval

Discrete chaotic sequence Auto and cross correlations
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Examples of systems exhibiting chaos
= Biological Systems

Prey-predator models: Logistic map

Models describing the interaction between predators and their prey to investigate
species population year on year.

Human physiology

- Brain: normal brain activity is thought to be chaotic.

- Heart: normal heart activity is more or less periodic but has variability thought to be
chaotic. Fibrillation (loss of stability of the heart muscle) is thought to be chaotic

= Laser instabilities

= \Weather systems

Models of the weather including convection, viscous effects and temperature can
produce chaotic results. First shown by Edward Lorenz in 1963.

Long term prediction is impossible since the initial state is not known exactly.

=  Turbulence

Experiments and modeling show that turbulence in fluid systems is a chaotic
phenomenon
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Some known chaotic maps used in chaos-based security

= Chaotic maps used as PRNG:
1-D: Logistic, PWLCM, Skew Tent
3-D: Lorenz
= Chaotic maps used as permutation layer :

2-D : Cat, Standard, and Baker maps
= Chaotic map used as nonlinear substitution layer :
1-D : Skew Tent

= General scheme of a Stream Cipher & Structure of the proposed
Pseudo Chaotic Number Generators: PCNGs
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Presentation of some 1-D chaotic generators

= Logistic Map:
Logistic map is a prey-predator model for predicting the population of a
species year on year. Also used in many secure communication systems

Population from generation n-1to generation n is given by:

0<r<4

x(n) = flx(n - D] =rxx(n-1) x[1-x(n-1)] with {0 <x(n-1)<1

Fixed points: x(n) = flx(n— 1] =x(n—-1) = ll - %]

= Discrete Logistic map: quantized on N-bit

X(n—1)[2N —Xx(n-1)]
X(n) = 2N-2
2N _1 if X(n—1) =[3x2N"2 2N]

‘ if X(n—1) #[3x2N2  2N]

With: r =4 and 0 < X(n — 1) < 2V, |Z] means floor (Z), biggest integer no bigger than Z

r. control or growth parameter; x(n),X(n):dynamical variables
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Logistic map

x(n) =
os|
07
i f=25 N
_.-205

Bifurcation Diagram of the Logistic Map

\

Fixed points region

n 03 :
Three fixed points:
1
x(n) = flx(n— 1] = x(n—1) = [1 - ;]
1 1 1 2l 0.6
xf(n) — rl = 25|~V
Oand 1

i ————
26 28
Growth Parameter r

3 32 34

36

4

r

Safwan El Assad
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Logistic map

Pogutmon

different rate

r=3.3

If initial condition is changed, the
sequence always converge to the

same cycle of period-2, but with a o,

Bilurcation Diagram of the Logistic Map

. Feigenbaum Bifurcation

Population

2 22 24 26 28 3 32 34 36 a8 4
Growth Parameter r

Bifurcations mark the transition from order into chaos

Safwan El Assad

72



Logistic map

r=35
3.544090 — period of 8
3.564407 — period of 16
3.568759 — period of 32
3.569692 — period of 64
3.569946 — period doubling ends

2 22

r>r.=3.56996 — Chaos emerges

Bifurcation Diagram of the Logistic Map

24 26 28 3 a2 34 36 38
Growth Parameter r

The attractor branches into two,
then four, then eight and so on

4
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Logistic map

~ 4.0 chaos reigns

looks like a mess.

Interspersed with cl
“‘windows”.
Existence of period

implies chaos

3.828427 — small period tripling window opens up

~ 3.855 — period tripling cascade ends and chaos resu

The sequence follows a

geometric progression, but soon o

Messy regions are cyclically

~ 3.569946 — period doubling region ends and chaos begins

Bifurcation Diagram of the Logistic Map

1,
09}

08}

ear "

-3 windows A T - T N R N N S |
2 22 24 26 28 3 32 34 36 38
Growth Parameter r

4

Chaos does not necessarily imply disorder
Chaos is the “randomness” in predicting the next iteration
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0.8}

0.6}

x(n)

0.4

0.27¢

Bifurcation Diagram

><109

1 2 3 4
X(@-1)  x10°
Strange Attractor: cobweb trajectory
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= Discrete Skew Tent Map

( _
szX("Tl)‘ ifo<X(n—-1)<P

ifP<X(n-1) <2V

X[n]=F[X(n—-1),P] = { v 2V —X(n - 1)]‘
2% X
2N —p

2V -1 otherwise
0 < P < 2N: Control parameter

9

g 109 o > 10
4 _,"‘l i \.\.\
3 .5 - ’.;.. i "\‘
3 ) N
— 2 - 5 [ ." \\
= \
>< 2 !’ | ‘.\'\
Lsr | AN
1 | f_,’ I \_‘\
_.-" ! N
0.5 ,f_. i \_E 1
1 P 2 3 4
X(n-1) %107
Mapping
Attractor

Better cryptographic performances than the Logistic map

Safwan El Assad Histogram is more uniform. Antagonist characteristics with the PWLCM 76



= Discrete PWLCM Map

( v X(n—-1) _
2N x ——— if0<X(n—-1)<P
v X@—1) - P] | )
2N x N1 p ifP<X(n—1)<2N-1
X[n] =< 2V - P - X(n—1)] _
2N x N1 p ‘ if2N-1<x(n-1)<2¥N-p
2V —X(n—-1
sz[ IE )]‘ if2N-P<X(n-1) <2V
. 2N -1 otherwise
0 < P < 2N~1: Control parameter
(VAR
LIS
=257 -" i I ‘\,. ; “
=S ; '. !' \ lr “-‘
R Vol
MSrpoo I NN
o Xz(n-l) e x?ﬂg o
. Xn-1) <10
Mapping

Attractor
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Frey generator

X(n)

T * NLF(U)=LCIRC[X(n-2)]=mod| 2x X (n-2),2" |

Z™ X (n) =mod{[u(n)+ X (n-1)+2x X (n-2)],2"} 0<X(n)<2" -1

Z—l

1

NLF(U) ‘|

Example: N = 4 bits, u(n) =0
X(n) = mod{[X1+2>< X2],16} 0<X(n)<16

X2=2, X1=1:orbit=2,1,5,7,1, 15,1, 15
X2=1, X1=0: orbit=1, 0, 2, 2, 6, 10, 6, 10

Safwan El Assad

2
"—l Maximum length cycle: PmaX(X)z(ZN) -1

function [z] = Frey_generator(N,X1,X2)
% Fery Generator
% Initial states: X1= X(n-1); X2=X(n-2)
% N is finite precision
clc;
N=4;
ns=30;
X1=1;
X2=2;
u=0;
X=zeros(1,ns);
z=[l;
for i=1:ns
X=mod(u+X1+2*X2, 2*N)
z=[z X];
X2=X1,;
X1=X;
end
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Effects of the finite precision N

= In finite precision N bits with 1-D chaotic map

X(n) =F[X(n—-1),P], Xm)e[1,2"-1], n=1,2,-

X, =Xn) @
\v

\Tran5|ent branch of length | |
|

Length of the orbit: 0 =1+c . Cycle of period ¢ |
|

Pseudo-orbit of an integer chaotic value

Maximum length of the orbit : 0,,4, = 2¥ — 1, extremely rare to obtain

Analytical rule of the Average length of the orbit is: A, p;n= [(2 ) ] = 22

Were d is the number of delays of the recursive structure, if exist

Safwan El Assad
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Effects of the finite precision N

Example : N =4 bits, and two |.Cs

= Situation a : 2 different 1.Cs give 2 different cycles

1° 1.C:1=3,c=5
7 —>13 6

= Situation b : 2 different 1.Cs give the same cycle c
1°1.C:1=3,c=5 @ a
7—>13—>6 Q

2° 1.C:l=2,c=5 2 9 @

= Situationc |=1,c=1

12
| Fixed point
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